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Abstract 

A projection operator technique for solution of relativistic wave equation on non-compact group has been 
CO ' proposed. This technique was applied to the construction of wave equations for charged vector boson in a 

' potential field. The equations were shown to approximately describe a hydrogen-like atom and allow estimating 

, of relativistic corrections such as a fine structure of hydrogen atom lines with high accuracy. 
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1 Introduction 



Geometrical approach plays an important role in the study of quantum models and relativistic processes |21 El ■ 
^ I This paper discusses the projection operator technique to examine motion of a relativistic vector boson with a 
^^O ■ non-compact symmetry group SO(4,2). The constructed equations of motion can also be used for the description 
I of a hydrogen-like atom, since being a composite quantum system, it has an integer-valued spin. In the paper, 
these equations are shown to estimate relativistic corrections such as a fine structure of hydrogen atom lines with 
I high accuracy. 

CO ' The goal of the paper is to develop a geometrical method of the projection operators and on this base to examine 

I motion of charged vector boson in a potential field. 



2 Projection operator technique 



' Let us consider an equation for a relativistic quantum particle in two-dimensional flat space with two complex 
^ . coordinates 



16), 16), sis) = 1,2; (1) 



I being components of ket bispinor. 

[ Consider motion of a free particle, then the Hamiltonian H includes only relativistic kinetic energy term T. For 

comparison, we shall remind a classic analog = Z'^ + k^. Here fc is a momentum, Z is a " mass" , c is the velocity 
of light: c = 1. Then, a relativistic wave equation reads 

(2) 

where is a wave function, t is time, i is imaginary unit, h = 1. Eq. |2l can be rewritten as 

«•« + ^) Irt ^ (- -Z' + f, |{.)({.|) *) . iH - Z-M) - 0. (3) 

Here the summation is assumed over repeated indexes, and it has been taken into account that the following expres- 
sion holds: |6)(Cs| = Ii where / is the operator unity; the wave function (^IV') is considered in the representation 
16), s = 1, 2. It follows from Eq. (EJ that it is possible to consider the square of Z as eigenvalues of the operator 
H, which is equal to where ti is a time coordinate which does not depend on t. Hence, the equation is 
determined on the manifold with four space-like and two time-like coordinates. 

Let us pass into the representation { l^ii )} where the operator representation ^ = of a translation group {^} 
has the following form: ^ ^ momentum. Then, using the properties of the projection operators 0] 



dki 

Eq. lEl can be rewritten as 



o2 

^Z^ + —5k^m{cj>u\is){^s\c^^){M)]A)=0■ (4) 



{d^s\dis) dt^ 
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The components of the wave function for the free particle in this representation are 

1 
1^ 



exp\l( ks^si + (^srqks-rT7^[£,ri,£,qi] ] \ exp{lUjt), (5) 



U=<<l>Ms>. (6) 

Here the first term of the expression © describes the translation to the group unity; the commutator appeared in 
the second summand is an element of the rotation group; a; is a frequency, — J2u=i ^si are components of 
bispinor in representation {<pi}fLi, N ~ 1,2, . . ., being c-numbers; e^jfe is the Levi-Civita tensor. 

Using the definition of a projector, after differentiation with respect to t, k, we transform the equation |0J to 
the following form 



Assuming that the basis {^si} obeys a condition of orthogonality, finally Eq. {TJ is written in the reduced form 

-Z^+LU^ (^Us + e,rqJ^[^r,U]esrq[^r,Q^ |<i>)(<i>|) V^) = (8) 
^ def ... . def 

where = {Csiji a-re the components of bispinor in the basic set $ = { 

To find a real equation of motion, let us consider particle motion in three-dimensional space. It is known [5] 
that the mapping of three-dimensional sphere € into three-dimensional space M.^ is two-valued. Therefore, 
the set of four numbers describing a position of a particle in four-dimensional space, is replaced by a set of four 
numbers {x\, S}, A = 1, 2, 3 also; but one of them (S) is a discrete quantity. S takes two values S = ±1 depending 
on either we exclude north or south pole when projecting. The physical interpretation of 5* is the helicity of a 
particle as a result of the projection P on three-dimensional subspace. For the ket vector ) the symbols R, L 

are attributed to right- and left-helical particles, respectively. Then, we can write the following identity 



2 

A 



(9) 



where matrices cr^ are determined by 

f^x = ^^ij^ij'' '^x=^^3i'^v^ A,i,j = 1,2,3; (10) 

indexes K,fi,v run over s,s; a^^i, = ^[7^^,71^], 7^^ are the Dirac matrices i|Bj. Hereinafter, we will omit the sign 
±. Since the skew-symmetric tensor e^jfe appears in the equation for a\, the generalized Pauli matrixes a\ are 
pseudo- vectors. Therefore, right- and left-helical particles differ from one another. 

It follows from the expansion ^ of the wave function in a series that the projection P defined by the 
expression 

P\^) = \{\x^){x^x\ + \xk){xx\)^), (11) 

can be represented in the form 

P\^) = \ (NfX^fi + NaX^^aI) ^> = ^ {e IC.XCmI^) + E l^«)(^A)«.(e.lV^>| . (12) 

Let us prove that the projector p2|) selects states with a given orientation. The right side of the expression 
(|12|l in the representation is written as 



^(eA|^) = ^|l + E(^A|?«)(aA),,|(e.| 



(13) 



We can introduce a four- vector = (^a|^k) describing a spin of the system. A convolution of the vector 
with matrixes a\ is assumed on the right side in Eq. (|13|l . It follows from here, that P = P{s) is determined in 
s-representation by the expression 

P(s) = i(l + s''7M) s^^{Q,s^}. (14) 
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The formula (|14|l is a known expression for the projection operator that selects bispinors with a given orientation 
in the rest frame [Q. Hence, it is possible to present the projector P in the form (|12|l . The equality (|12|l in a matrix 
form © for the representation $ = X = = has the following form 



After left multiplication on {x^\ the requirement of orthonormal basis {x^.\x^.) — Sij allows us to rewrite the 
expression ()15|) in the form 

(^a1^a)(^aI^) = {^x'\Ui<yx).A^^\4){^xW (16) 
Let us introduce the designations 

= (x^lxi); = {x^\U- (17) 

Taking into account the expression p7l) after simple transformations the expression is written as 

xx^CA^x)..^^- (18) 

From the above mentioned it follows that to carry out the projection, coordinates should be changed in the wave 
equation ||SJ) according to Eq. p8|l and the wave function ip should be chosen so that its projection P reads 

H)^PW- (19) 



Let us choose a polar coordinates system {pi,Xi}\i=i which obeys pi = yS,f + Cf+i: * = li2, and Xi is a polar 
angle in the plane {pi, Xi}, « = 1,2. Then the condition (|19|) takes the form 

(Pl,P2,Xl,X2|V') = (Pl,P2,Xl,X2|-P|'0) = (Pl,P2,X2 = /(Xl)IV'), (20) 

where /(xi) is a function of the polar angle xi- The above-stated allows us to write the equation (jSJ in the 
three-dimensional physical space. 

Next, we examine a case of the particle with an integer-valued spin in the rest reference frame. 

3 A motion equation for a particle with an integer- valued spin 

We know that in the rest frame the spin of a system can be described by a three-vector as 

S^ = {0,Si,S2,S3}- (21) 

Then, the vector in the equation |(SJ is determined on ordinary c-numerical space, i.e. space with commutation 
relations. Since components of the vector is ordinary c-number, the commutators in the last summand vanish. 
Hence, we get 

{'oBTs - + (?^^^) = (22) 

Here is a transposed spinor conjugated to the spinor ^s- The obtained equation H22|l is the equation for an 
isotropic harmonic quantum oscillator with the mass m — i in two-dimensional space with complex coordinates 

def 

= = -'^iCs) ^ £.s, s = 1,2 that arc components of bispinor in the representation $ = X, determined on 
ordinary c-numerical space. 

In the next section we will project a trajectory of a particle on three-dimensional space. 

4 Transformation to space-time coordinates 

Taking into account the condition H21|l we calculate the square of module of the expression (|18|l : 



A 11^ 
X XX = \x\ 
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Here = X]iy=i?^' Dirac's representation of matrices 7^, /i = 0,1,2,3 was chosen; and it was taken into 
account that 0-1 = 1, where are the Pauh matrices. It foUows from the obtained expression (|23|l that 

ei+e2+e3+e4 = r (24) 

where r = \x\. According to the expression H24|l the following replacement of variables ^ x\ in the motion 
equation H22|l may be performed: 

C?+e2 = ^+2^3=«; il+Sl^'^-x:, = v (25) 
As seen from Eq. H25|l it is necessary to pass to the polar coordinates [pi, Xi)l?=i 



p,; = + X^ = arctan j , « = 1, 2. (26) 

In these coordinates the square of an arc element determined by 

ds\ = dpi + pjdxl = ^du^ + udxl; (27) 

dsl = dpi + pldxl = ^dv^ + vdxl (28) 

where variables u, v are defined by the expression 12511 . Evidently, that in the coordinates fs, the equation H22I) is 

solvable by a separation of variables. Therefore, Laplacian can be written in the form A = + A^ = ^i- To 
get the motion equation in the polar coordinates Pi,Xii * = 1, 2 we use a theorem according to which the Laplacian 
Ai, I = 1, 2 in curvilinear orthogonal coordinates gii, q2i has the form 



1 { d ( h2i d \ d { hii d 



(29) 



hiih2i \dqu \hiidquj dq2i \h2tdq2t 

where hu^ /i2i are the Lame coefficients in the expression for the square of the differential of arc- length 

ds^ = hldql + h^dql. (30) 

By applying this theorem to our case, after the simple transformations we gain the Laplacian in coordinates 
{u,v,xi,X2)- 

Since the degenerate discrete representations of the group SO(4,2) coincide with the projectors defined by subalgebra 
su (1,1) 0, one has a relation mi — m2 — m in the expression for a wave function ijj = U{u)e'^™^^'^V{v)e^™^^^ . 
Therefore the wave function is represented as 

^ = U{u)V{v)e"''''. (32) 

Here 

X = X2+Xi- (33) 

Hence, as a manifold {u, v, x, ?/} G K"*, 77 = X2 — Xi, on which motion of the particle is examined, one can choose 
such a submanifolds being a section 

77 = 2™ n=l,2, ... (34) 

where a is a constant. 

Let us introduce cylindrical coordinates in three-dimensional physical space z, p, cj): 

z = a;3 = ^— , p^^/uv <P=^- (35) 

The polar angle 4> varies within the limits from to 27r, because the angle x varies from to Aw. Eqs. (|34|l . (|35|l 
allows to make the following replacement 

d f d \ ld_ 

d^2 [d^J ^ 2 90- ^^^^ 
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Substitution of Eqs. (EHEHIl into Eq. ^ gives 

Dividing the equation (|37|l on u + v and multiplying on 4, one gets 

' TJT "ir^ + 757 hir^ + ^in^ - 4 -— - = 0. (38) 



Denote 

C' = e? + el; '?' = ^3+Cl, (39) 

Because 

dz^ + dp^ = (e' + r;2)(d^2 ^ ^^2) ^ 1 ^ / 1^^2 ^ 1^^2 \ ^ 

4 \u V J 

the square of arc element 

ds^ = dz^ + dp^ + p^d(t>^ (41) 

in cylindrical 3d-frame is equal to 

ds^ = du^ H dv^ + uwdti^ (42) 

4u 4t; ^ ' 

in (u,v)-coordinates. Thus, the Laplace operator in 3d-space has the form 

"^'-^-'^ lagi ^ h, dqj I h2 dq^J ^ dqs { dqj j ' 

where coefficients hi, /12, determine the square of the arc element as 

ds'^ = hldqf + hldql + h^dql. (44) 
From the expression for the Laplace operator 

d_f d_\ d_fd_ 

u + V \ du \ du J dv \ dv J Auv 



appearing in Eq. I|38|l it follows that 



^i = ^\/A-^, h2^\\h^-^, h^^y/wv. (46) 
2 \ u Z \ V 

Comparing expressions 146() and 142() it may be concluded that the Laplacian H45() was written in parabolic 3d-frame 
u, v. 

u^R + z, v^R-z, (47) 

in which the square of the arc element has the form H42|) . Comparing the expression H25|) with the expression (|47|) 
one obtains that 

(48) 

5 Derivation of wave equations for charged vector-boson on non-compact 
group 

According to expressions H411 1431 1441 1461 148|) it follows that the motion equation H38|) in the spherical frame can be 
rewritten as 

972 

-Aij = -Au'^^j. (49) 

R 
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After elementary substitution 4cj^ ^ Ef — ml, a{Ei + mi) one gets 



^V^ - E 



mi — 



R 



(50) 



which, in principle is the Klein-Gordon equation, as it must, with a scalar potential (p{R) = —la/R and a vector 
potential A{R) — —la/R, where A{R) is a displacement of the i?-th component of the gradient V. This results 

from the form of the Laplacian in the spherical coordinates and the facts that ^ = {■(/'i}?=i — ^''^d the spherical 
symmetry of a problem yields A ■ VijV' = A ■ iV r x ?/;) = 0; where V n is a radial component of gradient V. 
Therefore, as a result, the equation H50(l can be rewritten as 



El 



r = o, p = T3{PR + t 



M 
R 



M 



sin( 



;P<p + T2P0 



(51) 



where ip* is the wave function of a particle with an integer spin, which is determined through the generalized 
spherical function with an integer spin and results from the transformation of the original wave function similar 
to fermions [7]; the wave function -0* is an eigenfunction of the operator A^; Mijj = miij}] ip = ip* /R; matrices 
Ti, i = 1,2,3 are generators of the rotation group S0(3) in a matrix form, which correspond to the generalized 
Pauli matrices for the spherically symmetric Dirac equation; P is the relativistic momentum operator obtained 
by adding components of the vector-potential A = {A{R), 0,0} to the ordinary momentum operator which is a 



derivative (tangential vector): Pr = pji + A{R), pR 



-ih- 



Moreover, it can be seen that when taking into account the explicit expression for eigenvalues of the 
Hamiltonian of two-dimensional harmonic oscillator (|22|) with the mass m — ^ and eigenfrequency ujq — 2uj: 



2uj{nr + 1 + 1), h^l 



then Eq. (|49() can be rewritten as 



where 



2^2 
R 



= Enlp, 



(52) 



(53) 



En 



{Ur+l+lf 



2' 



, I are quantum numbers of the harmonic oscillator with the Laplacian (|29|l . Let us assume that 2Z^ 



(54) 



If, 



is supposed to be the charge of an electron then the equation E 
with eigenvalues En of a hydrogen-like atom. 



is nothing but the equation on eigenfunctions 



6 Asymptotic solution 

Apparently, one can write for the relativistic boson H5U|) that {E\~m\)'n? — a'^{Ei+mif' and ^ = "^^~™'- . There- 

fore, the relativistic boson has the following spectrum Ei = ^^^i^^j^ — "J2 j with a mass spectrum mi — ^ ^ ^ j j 

where n ^ Ur + I + 1, n* = n* + I* + I, Z'^ = Thus, Eq. (|50|l describes a compound physical system. Let us 
choose a = ij, 7 € M, that yields the Coulomb potential. Then, the equation H5U|) allows relativistic corrections 
to the spectrum of the hydrogen-like atom in the non- relativistic limit n(n*) ^ 00 to be found. With the above 
mentioned consideration, the spectrum in this case has the form 



if the spectrum is assumed to consist of two spectral series: odd one {n*} and even one {n} {2n} and the series 
are close: 7^/71*2 — ^^/in^ = e, e <C 1. Since the series are close, 

n*^Kin^+e, \e\/n^-^l. (56) 

Let us choose e as 

e = 2(n - \k\){Vk^ - \k\) « -in - |fc|)^, (57) 
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where k — —I, I + 1. 

Introduce designations: ^ to, where to is a particle mass. Then, expanding into a series on ^^[^p^, we 
gain accurate to terms of the order mj^ 

ni to7^ my'^ / 4 3\ TO7^ / 3 8 ^ 8n /con 

From the formula (|58|l it follows that the first term yields the relativistic rest energy of the compound system 
considerd with a reduced mass to/2. The second term yields the Rydberg formula. The third term is a relativistic 
correction which describes the fine structure of the hydrogen-like atom lines with the fine structure constant I7I in 
the system of units: e = l,S=l,c=l. The fourth term is a relativistic correction which yields the computational 
method used. 



7 Symmetry of wave equations for a particle with integer- valued spin 

Now, let us find symmetry groups of the wave equations (|50|l and H53|) . With this goal one defines on bispinor 
{£,s,£,s)'^ a creation operator a"*" and a annihilation operator a as 




1 d 



(59) 



(60) 



where the sign T denotes the transposition operator. Then, we find accurate up to a sign operators commuting 
with the hamiltonian H from Eq. (|22|) : 

Mx = {(Tx)sta'tas, = {ax)stata'^, 

Nx = {'yx)statat, N'x = ('TA),ia+a,, ^^^^ 

P = flsfls, = at at. 



H ^2 + at as + a+ 



a.;. 



Using commutation relations for the annihilation H59() and the creation H60I) operators it can be shown that fifteen 
operators H61|) will constitute a basis set of generators for the algebra of a symmetry group similar to the Lie 
algebra of the group SO(4,2) or S0(6). The Lie group SO(4,2) is non-compact while the Lie group S0(6) is the 
compact group. According to "no-go" -theorem [S], ^ taking place for boson degrees of freedom, there are no 
finite-dimensional unitary representation of the noncompact Lie group. This suggests that any nontrivial union 
of the Poincare and an interior symmetry group yields an S matrix which is equal to 1. The equation (|50() 
or H51() describes a particle which wave function is transformed on the infinite-dimensional representation of the 
noncompact Lie group. From here and from the "no-go" theorem it follows that the obtained relativistic equation 
(j5f |l has the symmetry of SO(4,2) and is reasonable for the description in an arbitrary reference frame. 



8 Conclusions 

The equation H53|) is the Schrodinger equation for the hydrogen-like atom. The equation l|53|) also should describe 
locally a physical system having a symmetry similar to the noncompact symmetry group SO(4,2). Fock ^ was 
first to indicate invariance of the Schrodinger equation for the hydrogen- like atom with respect to four-dimensional 
rotations. But the equation (|53|l does not contradict to "no-go" -theorem only in the case if it describes a particle, 
which wave function is transformed according to representation of a compact group similar to the group SO(4,2). 
The group SO (4,2) is similar to the group S0(6). The generators of these groups differ by signs of metric multipliers 
|10|. Hence we conclude, that the equation (|53|l describes a particle, which wave function is transformed on 
representation of the compact group SO (6). This description is acceptable to the rest reference frame when it is 
possible to neglect the Lorentz boost transformations of the group SO (4,2). 

Thus, within the framework of the projection operator method two wave equations for a vector charged boson 
are obtained, one of which is precise (equation ^bU\i ). and the second equation (the equation H53|) ') describes a 
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motion of a vector charged boson approximately. The hydrogen-hke atom is the compound quantum system with 
an integer spin and in the stationary case that does not take into account the Lorentz boost transformations, the 
replacement of a dynamic symmetry group SO(4,2) on S0(6) yields the non-relativistic Schrodingcr equation for 
the hydrogen-like atom. On this basis, we get the conclusion that the obtained relativistic corrections H58|l describe 
the fine structure of the hydrogen- like atom lines with precision to about 7®. In general, infinite-component wave 
equations have also been examined by Nambu m to describe the hydrogen-like atom. 
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